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, Abstract. Let 2d^^d2 and Cdi,d2 be the algebras of joint invariants and joint covariants of 

5^ ■ the two binary forms of degrees di and c?2- Formulas for computation of the Poincare series 

Qh! 'P^di,d2iz), 'PCdi,d2{^) of the algebras is found. By using these formulas, we have computed 

■ the series for di,d2 < 20. 

<N . 

1. Let Vd^, Vci2 be the complex vector spaces of the binary forms of degrees di and d2 endowed 

^ I with the natural action of the complex group SL2. Consider the induced action of the group 

^ ■ on the algebras of the polynomial functions OiVd^ © V^J and 0{Vd^ © ® *^^)- The algebras 

^ ■ := 0{Vd, © FdJ^^^ and Q„d, := 0{Vd, © V^, © C^)^^^ 

is called the algebra of joint invariants and the algebra of joint covariants for the binary forms. 
The reductivity of S'L2 implies that the algebras X^j^rfji ^di,d2 finite generated graded algebras 

^ ■ ^di,d2 = (2^^1,^2)0 + (2^1,^2)1 ^ {Idi,d2)i H , 

^ : 

^ ! ^di,d2 = {Cdi,d2)o + (^^^1,^2)1 + ^ {Cdi,d2)i + 

■ 

• ' and the vector spaces (Xd^^j)^, (C^^^rfa)* the finite dimensional. The formal power series 

g: VId,,d2i^),CIdr,d2iz)eZ[[z]], 

o 



>< 



00 00 

VXdudiiz) = ^dim((Jdj,rfJi)z\CJd,,rf2(^) = X]'^™'^*^^' 

1=0 i=0 



-oil, 6(2)*)^ ' 



^ I is called the Poincare series of the algebras of joint invariants and covariants. The finite genera- 

tion of the algebra of covariants implies that its Poincare series is an expansion of some rational 
function. We consider here the problem of computing efficiently this rational function. 

The Poincare series calculations were an important object of research in classical invariant 
theory of the 19th century. For the cases d < 10, d = 12 the Poincare of the algebra of invariants 
of binary form of degree d were calculated by Sylvester and Franklin, see [T], [2]. Relatively 
recently. Springer [3] set the explicit formula for computing the Poincare series of the algebras 
of invariants of the binary d-forms. This formula has been used by Brouwer and Cohen [4] 
loi d < 17 and also by Littelmann and Procesi [5] for even d < 36. In \6\ the Poincare series 
of algebras of joint invariants and covariants of two and three binary form of small degrees is 
calculated. 

In the paper we have found Sylvester-Cayley-type formulas for calculating of (X^j ^2)4, (C^^^dji 
and Springer-type formulas for calculation of Vldi^zi^)^ ^^di,d2(^)- By using the derived for- 
mulas, the Poincare series is calculated for di,d2 < 20. 

2. To begin with, we give a proof of the Sylvester-Cayley-type formula for joint invariants 
and covariants of two binary form. Let = be standard two-dimensional representation 
of Lie algebra sli- The irreducible representation Vd = {vo,vi, dimV^ = d + 1 of the 

algebra sl^ is the symmetric (i-power of the standard representation V = Vi, i.e. Vd = S'^iV), 

1 
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Vo = C. The basis elements ^qq^'^]'q^i^q 1^°^ algebra sl2, act on by the 
derivations Di,D2,E : 

Di{vi) = iVi_i,D2{vi) = {d- i)vi+i,E{vi) = {d-2i)vi. 

Let us consider the two irreducible slz-modules Vd^ i Vd^- Identity the algebras of polynomial 
functions 0(VrfJ, ^(VdJ with the symmetrical algebras S{Vd^), S'(Vrf2).The action of is 
extended to action on the symmetrical algebra SiVd^ © ^^2)- in the natural way. The algebra 

,d2 ) 

^d„d2 = S{Vd, © Vd,f^ ={ve S{Vd, © Vd,)\Di{v) = 0,D2{v) = 0}, 

is called the algebra of joint invariants of two binary forms of degrees di,d2- 
Let U2 be the maximal unipotent subalgebra of sl2- The algebra iSd^.dj) 

Sd„d2 ■■= SiVd, © Vd,r^ = {ve S{Vd, © Vd,)\D,{v) = 0}, 

is called the algebra of joint semi-invariants of the binary forms of the degrees di,d2. For any 
element v G ^ natural number s is called the order of the element v if the number s is 

the smallest natural number such that 

D^2{v)y^0,D^2'-\v) = 0. 

It is clear that any semi-invariant of order i is the highest weight vector for an irreducible 
sli-module of the dimension z + 1 in S{Vd^ © V^j). 

The application of the Grosshans principle, see [7], [8] gives 

Sd„d, := S{Vd, © Vd,r = 0{Vd, © Vd, © C^)^'^ = Cd,,d,. 

Thus, the algebra joint covariants is isomorphic to the algebra of joint semi-invariants. There- 
fore, it is enough to compute the Poincare series of the algebra Sdi,d2- 
The algebra SiVd^ © Vd^) is graded: 

S{Vd, © Vd,) = S\Vd, © Vd,) + S\Vd, ®Vd,) + --- + S^{Vd, ®Vd,) + --- , 

and each S'^iVd^ © K^j) is the complete reducibly representation of the Lie algebra st^. 
Thus, the following decomposition holds 

■max(di ,1^2) ' (1) 

here 7n(c^i, c?2; ^) is the multiplicity of the representation Vk in the decomposition of S'^iVd^ © 
Vrfj). On the other hand, the multiplicity 7n(<^i, <^2; ^) of the representation Vi is equal to the 
number of linearly independent homogeneous joint semi-invariants of the degree n and the 
order i. In particular, the number of linearly independent joint invariants of degree n is equal 
to 7„((ii, (ia; 0). This argument proves 

Lemma 1. 

{i) <lmv{ld^^d2)n = ln{di, d2, 0), 

(n) dim(S'rfi,d2)„ = ln{di, ^2; 0) + 7n(c?i, ^2; 1) H h 7n(rfi, (^2; ^ max((ii, (^2)). 

Let us recall some points of the representation theory of the Lie algebra sli- 
The set of weights ( eigenvalues of the operator E) of a representation W denote by A^y, 
in particular, Ay^ = {—d, —d + 2, . . . , d}. The set of weights of a representation W denote by 
Aiy, in particular, Ay^ = {—d, — (i + 2, . . . , d]. It is clear that any joint semi-invariant v G Sd^,d2 
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of degree i is the highest weight vector for an irreducible representation Vi in the symmetrical 
algebra S{Vd^ © V^j). A formal sum 

Char(M/) = ^w{k)q\ 

keAw 

is called the character of a representation W, here nw{k) denotes the multiplicity of the weight 
k G Aw- Since, a multiplicity of any weight of the irreducible representation Vd is equal to 1, 
we have 

Char(yd) = q-'' + q-''+^ + --- + q''. 

On the other hand, the characted Char(S'"(Vdj © V^J of the representation S^-iVd^ © V^J 
equals 

see [9J, where Hn{xo, xi, . . . , x^^, yo, Z/i, • • • , 2/^2) is the complete symmetrical function 

TJ r \ an ai <^<2i /3o /3i &2 I I \ ^ 

Hn{xo,xi,...,Xd,,yo,yu...,yd2) = 2^ . . . x^^^y^ y'^ . . .y^^Wa] = 2_^ai. 

a| + |/3|=n i 

By replacing = g'^i-^*^ ^ = 0, . . . , (ii, yi = q'^2-21^ ^ _ g, . . . , ^2, we obtain the specialized 
expression for the character of Char(S'"(Vd^ © ^^2)) • 

Char(5"(Ki, © Vd,)) = Yl {q'^^'i'l''"'^'^)'"" ■ ■ ■ {q"'T'' {q''')"^ {q'^'-^'^^ . . . {q-''^)^'^2 = 

\a\ + \/3\=n 

n max((ii ,(i2) 

here Un{di,d2;i) is the number nonnegative integer solutions of the following system of equa- 
tions: 

di\a\ + d2\P\ - (ai + 2a2 H \- di ad^) - {pi + 2p2 -\ h c?2/?d2) = 



(2) 



\a\ + \P\ = n. 
We can summarize what we have shown so far in 
Theorem 1. 

(i) dira(Xd-^^d2)n = w„(di, 6^2; 0) - u^idi, 4; 2), 

(ii) dim{Sd^,d2)n = u;„((ii, 4; 0) + ujn{di, d2] 1). 

Proof, (i) The zero weight appears once in any representation V^, for even k, therefore 
iOnidi, 4; 0) = 7„(rfi, d2; 0) + 7n(rfi, ^2; 2) + 7n(fii, ^2; 4) + . . . 

The weight 2 appears once in any representation V^, for odd k, therefore 

iOnidi, 4; 0) = 7„(rfi, (i2; 2) + 7„((ii, ^2; 4) + 7„((ii, ^2; 6) + . . . 

Taking into account Lemma 1, obtain 

7„(rfi, d2; 0) = dim(Jrf^,rf2)„ = a;„(di, (^2; 0) - cOnidi, 4; 2). 

{ii) The weight 1 appears once in any representation V^, for even k, therefore 
Un{di, d2] 1) = 7n(c?i, c^2; 1) + 7n((^i, 'i2; 3) + 7„((ii, (^2; 5) + . . . 
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Thus, 

LJnidi, d2] 0) + UJn{di,d2] 1) = 

= 7n(c?i, d2] 0) + 7n(rfi, d2] 1) + 7n(c?i, (^2; 2) + . . . + 7„((ii, (^2; n max((ii, ^2)) = 
= dim(S'd^,d2)n- 

□ 

3. Simplify the system (2) to 

rficto + {di - 2)ai + {di - A)a2 H h (-(ii) + 

+c?2/3o + (c?2 - 2)/3i + (4 - 4)/52 + • • • + (-4) (3d, = i 

Q!o + cci H h ctdi + /3o + A H \- /3d2^n. 

It well-known that the number ^2; i) of non-negative integer solutions of the above system 

is equal to the coefficient of t'^z'^ of the expansion of the series 

^'^^'"''^^'''^ " (1 - tZ<^^){l - t Z^^-^) ...{1-t ^-<^i) (1 - tz'^^) (1 - t ^<^2-2) ... (1 - i ^-d2) • 

Denote it in such a way: (^2; := [i^z*] {fdi,d2i^^ ^))- The following statement holds 

Theorem 2. 

(z) dim(Jd,,<iJ„ = - z'^)fd^,d2{t, z), 

{ii) dim{Sd^^d2)n = + z)fd^^d2{t, z). 
Proof. Taking into account the formal property [x*~'^]/(a;) = [x^]{x^ f {x)) , we get 

dini(/di,d2)n = '^ni.di, 0^2; 0) - a;„((ii, 0^2; 2) = [r]/di,d2(t, ^) - z]fd^^d2{t, z) = 

= n/cii,d2(^,^) - = [r](l - z')fd„d2{t,z). 

In the same way 

dim.{Sdi,d2)n = t^n(c?i, d2; 0) u;n(c^i, c?2; 1) = [^"]/di,<i2(^, z) - [r z]fdi,d2{t, z) = 

= r]/dl,d2(^,^) + r]^/dl,d2(^,^) = + Z)fd,,d2{t.z). 

□ 

4. Let us prove Springer-type formula for the Poincare series TTd^^iiz), VCdi42i.z) of the 
algebras joint invariants and covariants of the two binary forms. Consider the C-algebra C[[t, z\\ 
of formal power series. For arbitrary m,n E Z"*" define C-linear function 

^m,n:C[[t,z]]^C[[z]], 

m,n G Z+ in the following way: 

(00 \ 00 

^ ^ Z'^ j — ^ ^ 0'im,inZ ■ 

i,j=0 J i=0 

Define by the restriction of ^m,n to C[[2;]], namely 

(00 \ 00 
^ttiz' j = ^ai„z\ 
i=0 / i=0 
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There is an effective algorithm of calculation for the function y9„, see [11]. In some cases 
calculation of the functions can be reduced to calculation of the functions (p. The following 
statements hold: 



Lemma 2. For R{z) G C[[z]] and for m,n, k G N we have: 

iPn-k{R{z)),n > k, 
0, if k > n, 



it) ^1, 



{ii) ^ 



l,n 



Riz) 



{1-tz'')^ 

Proof, {i) Let R{z) = Xljlo '"i-^"'- Then for k < n we have 



{zipn-k{R{z))y,n > k, 
0, if k > n. 



^ ^ o o^n o^n o~>n 



j,s>0 s>0 s>0 



oo 

s{n—k)Z ■ 

j=0 s>0 



On other hand, ipn-kiR{z)) = (pn-k(^YrjZ^^= ^ 

j=0 

(ii) Let R{z) = X^jlo^i-^''- Observe, that 

1 



(1 — x)2 V 1 — 

Then for n > k we have 



l + 2x + 3x^ + ... 



On other hand, 



s(?i— fe) 

s>0 s>0 



{z(pn-k{R{z)))' = ( ^r^(„-fc)2;''^^ I = + l)r^(„_fc)^'' 



□ 



The main idea of this calculations is that the Poincare series VTdj^^d2{z), VSdi,d2{z) can be 
expressed in terms of functions The following simple but important statement holds 

Lemma 3. Let d := msix{di,d2)- Then 

{{} Vld,4Az) = ((1 - z^)fd,4Atz\z)) , 

{ii) VSd,4Az) = ^14 ((1 + z)fd„d2{tz'', z)) , 
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Proof. Theorem 2 implies that dim {{'Idi,di)n) = — ^ )/di,d2(^5 Then 

oo oo 



n=0 n=0 



= - z))z-=^,,d ((1 - z^)U,,d,{tz\ z)) . 

n=0 

Similarly, we get the statement {ii). 

We replace t with t^;"^ to avoid of a negative powers of z in the denominator of the function 

Write the function fdi,d2{'^^'^^i ^) the following way 



here (a, q')„ = (1 — a)(l — ag) ■ ■ ■ (1 — aq"-'^). 

By using a representation of the function \E'i rf via the contour integral , see [H], we get two 
new formulas for the Puancare series: 

1 r 1-z^ dz 



vid,4At)~ / 



27r«/|,|^i {tz'^^-^\z^)d,^i{t,z'')d2+i z ' 

^5.„.,(t) = — ^^^^^ ,.)^^_^^(,, ^ 

Compare the formula with the Molien-Weyl integral formula for the Poincare series of the 
algebra of invariants of binary form, see [lO], p. 183. 

Now we can present Springer-type formula for the Poincare series Pd{z) VTd^^^i.'^) i ^'5rfi,rf2(2^)- 

Theorem 3. Let d2 — d2 = I (mod 2) and d2 > di. Then 

[d2/2] 

VTd,Mz)= ((1 - z^)Ak{z)) + J2 ^d2~2k ((1 - z^)Bk{z)) , 



where 



di/2<k<di k=0 

^_l-^k^{di-k){di~k+l)+{d2+l){di-2k) 



Ak(z) 



Bdz) 



[z\z^Uz\z^)d,-k{z'~'^^+''^)-^\z^)d2+i 

[ — l)k^k(k+l) 

for 2k < d2 ~ di, 



[zd-~''^-^\z^)d,+i{z\z^)u{z\z^)d2-k 



for s = . 



I {Z, Z'^)s+l{z, Z'^)dj-siz, Z'^)kiz'^, Z^)d2-k 



Proof. If the integer number di, d2, d2 > di have different parity then in the denominator 
of the function /^^ ^2(^2;'^^, all factors appears in the degree 1. Then the rational function 
fdi,d2i'^^'^^ J ^) has the following partial fractions decomposition 

. ^ u,d2 ^_B^ 

jd^,d2 yi^z ,z) i_ ^^d2+di-2k ^ 1 _ ^^2k ■ 

k=0 k=0 
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By direct calculations we get 

A,{z) = lim {U,,Atz''\z){l - tz'^^^^^-'')) = 

^^^2k-(di+d2) 

1 _ 
- (1 - 22fc)(l _ ^2fc-2) ... (1 _ ^2)^1 _ ^-2) . . . (1 _ ^-2(rfl-fc))(^2fc-(di+d2)^ ^2)^^^^ - 

(^_iyi-k ^2+4+...+2{di-k) ^_-^^^d2+l ^{d2+l){di+d2-2k)-2{l+2+...+d2) 
(Z^, Z^)k(l -Z^) ■■■(!- ^2(<ii-fe))(^(<ii+d2)-2fe^ ^2^^^^^ 

^_l-jk^{di-k){di-k+l)+{d2+l)idi-2k) 



{Z\ Z^)k{z\ ;^2)^^_^(^(di+d.)-2fc^ ^2)^^^^ • 

In the same way, we obtain 

Bk{z) = lim^^ {f,,,a2{tz''\z){l - tz'')) 



( — ■] )k^k{k+l) 

^ ' for 2k<d2- di, 



= < 



izd^-^^-^\z^)a,+iiz^,z^Uz^,z^)d2-k 

d2-di + l 
(-1) 2 Z 



,±iz±L±i ^fc(fc+2)-l/2{d2-di+l) 



{Z, Z^)s+l{z, Z'^)d^-s{z, Z^)k{z^, Z'^)d2-k 



for 2/c = d2-t^i + 2s + l. 



Using the above lemmas we obtain 



>'^cii,d2(^)-Wi,<i^(l - Z )fd{tZ2,z))^<i/i,d2 I 2^ ^ _ ^^d,+di-2fc + 2^ I _ t^2k 



.fc=0 fc=0 



^ I ^ _ ^^d2+d,-2k ^2^^ l.<i2 I 1 _ i^2fe i 



fc=0 ^ ' fc=0 

By substituting the expression of Ak[z), Bk{z) and, taking into account the Lemma 2, we get 
the statement of the theorem. □ 

Let us consider the case d2 — di mod 2 and d2 > di. Then 

fd,,d2{tz''\z)-'^ 

= (1 - ... (1 - tz'^^-'^'-^){l - tz'^^-'^'f ... (1 - tz'^^+'^'f{l - ^^"^2+^1+2-) ...(!_ ^^2d2^ ^ 

Consider the partial fraction decomposition of the rational function fd^^^dii't^'^^ j ^) '■ 



V 1 — i^<^2+<ii-2A; fl _ f^d2+di-2k\2 j ]^ _ ^^2k 2^ I _ f^2k' 

k=0 ^ ^ ' ^ k=0 k={d2+di)/2+l 
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It is easy to see that 

Ct{z) - lim (/j„,,,((z*,j)(l-(z2')). 

Thus, 

Theorem 4. For di = d2 (mod 2) and > di the Poincare series VId^^d2{z) is calculated by 
the formulas 

di/2<k<di di/2<k<di 

fd2-2k 

0<2k<d2-di-2 di+d2+2<2k<2d2 

For the case d2 = di = d we have 
Theorem 5. Let d2 = di = d. Then 

Vld,d{z)= '^d-2k{{l-z'')Ak{z))+ Y {z^d^2k{{l~z^)Bk{z)))[, 

0<k<d/2 0<k<d/2 

where, 

Ak{z) = -4: {Uci{tz',z){l~tz'')%, 

Bu{z)= lim {U4{tz\z){l-tz'^f). 

By replacing the factor 1 — z'^ with 1 + 2; in VXdi,d2iz) we get the Poincare series VSdi,d2iz) 
5. For direct computations of the functions (p we use the following technical lemma, see \TT\ : 

Lemma 4. Let R{z) be some polynomial of z. Then 

\{1 - z^^){l - z''^) ■ ■ ■ (1 ~ Z^""-) J (l-^'=i)(l-^'=2)...(l_^fcm) ' 

here Qn{z) = 1 + z + z"^ + . . . + z"'~^, and ki are natural numbers. 
Example. Consider the case di = 1, ^2 = 3. We have 



[i ~ tz^Y [i - tz^Y {I - 1) [i - tz^) 



{i-tz^) J '-"V {i-tz^Y J V (1-^) 

Since, 3 = 1 mod 2, using Teorema 4. We have 

. / ^ z^3z^ + z^-l) „ , , z^ ^ , , 1 



(1-^4)^(1-^2)^' (1_^2)^(1_^4)' ^ (l_^2)2(i_^4)2(i_^6) 
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Therefore 

^2 (3 ^4 + ^2 _ 1) \ / / ^2 



"^^ ^ Xl-z^f{l-z^f) + V Vl-z^)\l-z^)) ; (1 - (1 - z^r (1 - .a) 

Taking into account Lemma 4 and = Fi^z)^ obtain 

^2:i,3(^) = 



3 \ ' \ } \1- Z^ 



(1 - (1 _ ^2)2 ■ \^ (1 _ ^2)2 _ ^4) ; ■ (1 _ ^2)2(1 _ ^4)S 



(1 - (1 - (1-^2^^ (1 + ^2^2 



+ 



+ -z^^ + 3 -z^a + 2 + 5 ^ 3 ^10 ^ 5 ^8 ^ 2 ^6 + 3 + ^2 ^ 1) 

^ (1 - ^2)2(1 _ ^4)2 

^2 (2 ^4 + 3 ^2 + 4) ^6 + 5 ^4 + 2 ^2 ^ 1 ^4 _ ^2 ^ ^ 



(1 - ^2)3 ^ ^2) (1 _ ^4) (1_ ^2)2(1 _ ^4)2 (1 _ ^2) _ ^4)2 

(1 + ^2)(^4 Z^) Z^^ + ^6 ^ ^4 + 1 



(1 + ^2) (1 - ^2) (1 _ ^^4)2 (1 ^ ^^4) (1 _ ^^4)2 _ ^^S) ' 

By using Lemma 3 the Poncare series of the algebras of joined invariants and covariants for the 
di,d2 < 20 is found. Belos are results for the cases di, o?2 < 5. Note that VCdi,d2i^) = 'P^di,d2i^)- 

VIi,,{z) = -^,VIi,2{z) ^ 



1-^2" ^'-V-/ (1_^2)(1_^3)' 

, , + + ^4 + 1 , , + + ^9 + ^4 + ^2 + 1 

'^^ (1-Z4)2(1_^8)' ^'^^ ' (1_^3)(1_^5)(1_^6)2 ' 

^26 ^ 2;220^g^l8^ 3^16 ^7^14 ^7^12^ 3^10 ^g^8^2;26^1 
^ (1 - Z^ f (1 - ^6) (1 _ ^8) (1 _ ^12) 

IDT ^ ^ 1 -T,T ^ ^ Z^ + Z'' + Z'' + 1 



PX2,4(^, 

^^2,5 



(1_^2)3" ; (1_^3)(1_^4)2(^__^5)' 

^6 + 1 



(1-Z2)2(1_^3)2(^_^4)' 

/"■2.o(-) 



(1 - Z^) (1 - Z^) (1 - (1 _ ^6) (1 _ ^7) (1 _ ^8) ' 
P«2,5 {z) = Z^^ + ^22 + ^20 + ^18 + 2 + 3 + 5 ^ 5 Z^^ + 8 Z^^ + 7 Z^^ + 8 Z^^ + 

+5 + 5 ^9 + 3 + 2 + ^6 ^ ^4 + ^2 ^ 

z^ - z*^ + 2z^ - z^ + 1 



(1 - Z2)2 (1 - Z^f 



(1 - Z^f (1 - Z^) (1 - Z^) (1 - ^5) (1 _ ^7) ' 



10 L. BEDRATYUK 

pi3^4{z) = + z^^ + z^^ + z^^ + 3 z^^ + 4:z^^ + 6z^^ + 6z^° + 6z^ + 4:z^ + 3z'^ + z^+ 
+z^ + z'^ + 1, 

^-j / N phi 

'''^^^ 

pi^^^{z) = z^ + A + 5 + 22 + 34 ^24 ^ ^22 ^ 77 ^20 ^ 94 ^18 ^ 94 ^16 ^ 77 ^14^ 
+65 + 34 + 22 ^« + 5 ^6 + 4 + 1, 

pi^^^iz) = r^-^ + + 2 r^o + 4 + g ^23 + 13 ^27 ^ 2I + 27 + 33 ^24 + 47 ^23^ 
+54 ^22 + 62 + 68 + 70 + 74 z'^^ + 74 z^^ + 70 + 68 z'^^ + 62 + 54 z'^^+ 
+47 + ^sz^i^27z^^ + 21z^ + 13z^ + 8z'^ + 4:z^ + 2z^ + z'^ + l, 

VXUz) = ^^^^^^^^^ 

^ (1 - Z^) (1 - ^3)'^ (1 _ z") (1 - ^fi) (1 - Z^) 

PH,4{z) = z^^ + 2 z^'^ + + 3 z'^^ + 2z'^^ + Az^^ + 3 z^"^ + 4 + 4 + 4 + 4 + 3 
+4' ^6 + 2 + 3 + + 2 ^2 + 1, 

■^^'''^^^ " (1 - ^2) (1 _ ^4)2 ^ ^6)2 _ ^8)3 _ ^12) 
i5i5,5(-2) = + 4 + 5 ^40 ^ 44 ^38 ^ 74 ^36 ^ ^gg ^34 ^ 259 z^"^ + 452 + 575 ^28 + 

+723 + 773 ^24 ^ 773 ^22 ^ 733 ^20 ^ 575 ^is ^ 452 ^le ^ 259 z^^ + 188 + 74 ^10+ 



+44 + 5 + 4 2^ + 1 



(1 - Zf{l -Z'^y ' (1 - Zf (1 - ^2) (1 _ ^3) ' 

+ + 3 ^3 ^ ^2 + 1 + 2 + 2 + 4 ^4 + 2 + 2 ^2 ^ 1 

'''^^^ ~ (1-^)2(1-^2) (1-^4)2''^^^'^^^'' ~ (1-^5)(1_^)2(1_^3)2(1_^2) 

?^gl.5(^) 

'•'^ ^ (l_^)2(l_^4)2(i_^6)2(l_^8)' 

pci,5(2) = ^22 ^ 3 ^20 + 6 + 10 z^^ + 18 + 24 z^"^ + 34 ^^'^ + 43 z^^ + 44 z^'^ + 57 ^^2+ 
+53 + 57 + 44 + 43 z^ + 34 + 24 + I8 ^5 + 10 + 6 + 3 ^2 ^ 1^ 

1 + ^2 _ ^9 + 3 2^ + 3 z*^ + 4 2^ + 4 + 3 ^3 + 3 ^2 ^ 1 

^^'■'^"^^ " (l-z)2(l-;^2)3'^'^2,3 :- _ ^)2 _ _ ^3) (1 _ ^4) _ ^5) ' 

+ 2 + 4 ^■■^ + 2 ^2 + 1 



^C2,4(.)-. .2. o , ^)3^_^3 + l)2' 

PC2,5 



(l-;2)^(-z2 + l)^(-^3 + i) 

7^^2,5 = 



(1 - Z)' (-^3 + 1) (1 - Z'') (1 - (1 _ ^6) (1 _ ^7) (1 _ ^8) ' 
pC2,5(-2) = -Z^^ + 5 ^24 + 8 ^23 ^ ;^9 ^22 ^ 3^ ^21 ^ 52 ^20 + 75 ^19 + 104 Z^^ + 135 Z^'^ + 162 2^^+ 

+188 z^^ + 200 + 209 z^'^ + 200 ^^2 + igg + i62 z^^ + 135 + 104 z^ + 76 + 52 z^+ 
+31 + 19 2^ + 8 + 5 ^2 ^ 

_ + 3 + 6 + 6 + 6 ^5 + 6 + 6 ^3 + 3 ^2 ^ ;L 

(l_^)2(l_^2)2(i_^4)3 ' 



(1 - zf (1 - Z'^) (1 - ;24)2 (1 _ (1 _ ;26) (1 _ ^1^ ' 
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^03,4(2) = + 6 + 8z^^ + 21 z^^ + 34 + 52 z^^ + 76 z^^ + 95 z^^ + 117 + 127 z'^^+ 
+134 + 127 + 117 2^ + 95 z« + 76 2^ + 52 + 34 2^ + 21 + 8 2^ + 6 ^2 + 1 



[1 - ZY (1 - Z2) (1 _ ^3)^ (1 _ (1 _ ^6) (1 _ ^8) 

pc4,4(z) = ^22 + 7 ^20 ^ ^19 ^ 24 + 42 + 62 + 88 z^^ + 113 + 134 + 145 2^2+ 
+156 z^^ + 145 + 134 z^ + 113 + 88 + 62 ,2^ + 42 ,2^ + 24 + 10 + 7 ^2 + 1 

PC ■= 

■ (1 - zf (1 - ^3) (1 _ ^4)2 _ ^5) (1 _ ^6) (1 _ ^7) (1 _ ^8) (1 _ ^9) ' 
PC4.5{Z) =2^7 + 8 ^35 ^ ^5 ^34 ^ 45 ^33 ^ 93 ^32 ^ ^g^ ^31 ^ 334 ^30 _^ 53^ ^29 _^ 323 ^28^ 

+1202 z^'^ + 1674 ,226 + 2206 z^^ + 2789 ^24 + 3377 ^23 ^ 3929 ^22 ^ 4392 ^21 ^ 4734 ^20^ 
+4909 ,2^9 + 4909 z^^ + 4734 + 4392 + 3929 z^^ + 3377 + 2789 z^^ + 2206 z^^+ 
+1674 ,211 + 1202 ,2^° + 828 ,2^ + 531 z^ + 324 + 181 z^ + 93 + 45 + 15 2^ + 8 ^2 + 1 

VC, , ■= ^ 

' ■ (1 - zf (1 - Z2) (1 _ ^4)2 _ ^6)3 _ ^8)3 ' 

pc5,5{z) = z^2 ^ 3 ^40 ^ 20 + 56 ^38 ^ ^26 + 257 z^^ + 506 + 891 z^^ + 1438 z^^+ 
+2332 ^32 + 3330 ^31 + 4939 ^30 ^ 5433 ^29 ^ 3707 ^28 ^ ^0720 ^27 + 13175 ^26 ^ ^5q^q ^25^ 
+ 17283 ^24 + 13414 ^23 ^ ^979^ ^22 ^ ^9573 ^21 ^ ^979^ ^20 ^ ^34^4 ^19 ^ ^7283 2^^+ 
+ 15010 + 13175 2^*^ + 10720 z^^ + 8707 + 6488 z^^ + 4939 ^^2 + 3330 + 2332 2^°+ 
+ 1438 ^9 + 891 ^s + 506 z^ + 257 z'^ + 126 2^ + 56 + 20 + 3 ^2 ^ ^ 



[1 

[2: 
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